A compactification of the moduli scheme of abelian varieties by Nakamura, Iku
ar
X
iv
:m
at
h/
01
07
15
8v
1 
 [m
ath
.A
G]
  2
3 J
ul 
20
01
A COMPACTIFICATION
OF THE MODULI SCHEME OF ABELIAN VARIETIES
IKU NAKAMURA
Abstract. We construct a canonical compactification SQtoricg,K of the
moduli of abelian varieties over Z[ζN , 1/N ] where ζN is a primitive N-
th root of unity. It is very similar to, but slightly different from the
compactification SQg,K in [N99]. Any degenerate abelian scheme on the
boundary of SQtoricg,K is one of the (torically) stable quasi-abelian schemes
introduced in [AN99], which is reduced and singular. In contrast with
it, some of degenerate abelian schemes on the boundary of SQg,K are
nonreduced schemes.
1. Introduction.
In the article [N99] a canonical compactification SQg,K of the moduli
scheme Ag,K of abelian varieties with level structure was constructed by
applying the geometric invariant theory [MFK94]. It is a compactification
of Ag,K by all Kempf-stable degenerate abelian schemes. However some of
the Kempf-stable degenerate abelian schemes are nonreduced by contrast
with Deligne-Mumford stable curves.
The purpose of this article is to construct another canonical compactifica-
tion SQtoricg,K of Ag,K by certain singular reduced degenerate abelian schemes
only instead of Kempf-stable ones. The new compactification SQtoricg,K is very
similar to SQg,K . The compactifications are as functors the same if g ≤ 4,
and different if g ≥ 8 (or maybe if g ≥ 5). An advantage of SQtoricg,K is that
the reduced degenerate abelian schemes on the boundary SQtoricg,K \Ag,K are
much simpler than Kempf-stable ones.
Let R be a complete discrete valuation ring and k(η) the fraction field
of R. Given an abelian variety (Gη,Lη) over k(η), we have Faltings-Chai’s
degeneration data of it by a finite base change if necessary. Then there
are two natural choices of R-flat projective degenerating families (P,L) and
(Q,L) of abelian varieties with generic fibre isomorphic to (Gη ,Lη) where
(Q,L) is the most naive choice, while (P,L) is the normalization of (Q,L)
after a certain finite base change such that the closed fibre P0 is reduced.
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We call the closed fibre (P0,L0) of (P,L) a torically stable quasi-abelian
scheme (abbr. TSQAS) [AN99], while we call (Q0,L0) a projectively stable
quasi-abelian scheme (abbr. PSQAS) [N99].
Let (K, eK) be a finite symplectic abelian group. SinceK ≃ ⊕
g
i=1(Z/eiZ)
⊕2
for some positive integers ei such that ei|ei+1, we define emin(K) = e1 and
emax(K) = eg. Let N = emax(K). The Heisenberg group G(K) is by defi-
nition a central extension of K by the group µN of all N -th roots of unity.
The classical level K-structures on abelian varieties are generalized as level
G(K)-structures on TSQASes.
Theorem . If emin(K) ≥ 3, the functor of g-dimensional torically stable
quasi-abelian schemes with level G(K)-structure over reduced base algebraic
spaces is coarsely represented by a complete reduced separated algebraic space
SQtoricg,K over Z[ζN , 1/N ].
We prove the theorem with the help of [N99] and Keel-Mori [KM97].
Alexeev [A99] treats similar problems in a different formulation.
Here is an outline of our article. In Section 2 we recall from [N99] a
couple of basic facts about degenerating families of abelian varieties. In
Section 3 we define a rigid G(K)-structure and a level G(K)-structure on a
TSQAS (P0,L0) or their family. In Section 4 we recall from [N99] the stable
reduction theorem for TSQASes with rigid G(K)-structure. In Sections 5,
6 and 7 we prove the above theorem.
Acknowledgement. The author would like to thank Takeshi Sugawara for
stimulating discussions.
2. Degenerating families of abelian varieties
The purpose of this section is to recall basic facts about degenerating
families of abelian varieties. To minimize the article we try to keep the
same notation as [N99].
2.1. Grothendieck’s stable reduction. Let R be a complete discrete val-
uation ring, I the maximal ideal of R and S = Spec R. Let η be the generic
point of S, k(η) the fraction field of R and k(0) = R/I the residue field.
Suppose we are given a g-dimensional polarized abelian variety (Gη ,Lη)
over k(η) such that Lη is symmetric, ample and rigidified (that is trivial)
along the unit section. Then by Grothendieck’s stable reduction theorem
[SGA7] (Gη,Lη) can be extended to a polarized semiabelian S-scheme (G,L)
with L a rigidified relatively ample invertible sheaf on G as the connected
Ne´ron model of Gη by taking a finite extension K
′ of k(η) if necessary. The
closed fibre G0 is a semiabelian scheme over k(0), namely an extension of
an abelian variety A0 by a split torus T0.
From now on we restrict ourselves to the totally degenerate case, that is,
the case where A0 is trivial because by [N99] there is no essentially new
difficulty when we consider the case A0 is nontrivial. Hence we assume
that G0 is a split k(0)-torus. Let λ(Lη) : Gη → G
t
η be the polarization
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(epi)morphism. By the universal property of the (connected) Ne´ron model
Gt of Gtη we have an epimorphism λ : G→ G
t extending λ(Lη). Hence the
closed fibre of Gt is also a split k(0)-torus.
Let Sn = Spec R/I
n+1 and Gn = G ×S Sn. Associated to G and L are
the formal scheme Gfor = limGn and an invertible sheaf Lfor = limL ⊗
R/In+1. By our assumption that G0 is a k(0)-split torus, Gn turns out
to be a multiplicative group scheme for every n by [FC90, p. 7]. Thus the
scheme Gfor is a formal split S-torus. Similarly G
t
for is a formal split S-torus.
Let X := HomZ(Gfor, (Gm,S)for), Y := HomZ(G
t
for, (Gm,S)for) and G˜ :=
HomZ(X,Gm,S), G˜
t = Hom(Y,Gm,S). Then G˜ (resp. G˜
t) algebraizes Gfor
(resp. Gtfor). The morphism λ : G→ G
t induces an injective homomorphism
φ : Y → X and an algebraic epimorphism λ˜ : G˜ → G˜t. For simplicity we
identify the injection φ : Y → X with the inclusion Y ⊂ X.
2.2. Fourier expansions. In the totally degenerate case Gfor (resp. G˜)
is a formal split S-torus (resp. a split S-torus). We choose and fix the
coordinate wx (x ∈ X) of G˜ satisfying wxwy = wx+y (∀x, y ∈ X). Since
Lfor is trivial on Gfor, we have
Γ(Gη ,Lη) = Γ(G,L)⊗ k(η) →֒ Γ(Gfor,Lfor)⊗ k(η) →֒
∏
x∈X
k(η) · wx.
Therefore, any element θ ∈ Γ(Gη,Lη) can be written as a formal Fourier
series θ =
∑
x∈X σx(θ)w
x with σx(θ) ∈ k(η), which converges I-adically.
Theorem 2.3. [Faltings–Chai90] Let k(η)∗ = k(η) \ {0}. There exists a
function a : Y → k(η)∗ and a bimultiplicative function b : Y ×X → k(η)∗
with the following properties:
1. b(y, x) = a(x+ y)a(x)−1a(y)−1, a(0) = 1 (∀x ∈ X,∀y ∈ Y ),
2. b(y, z) = b(z, y) = a(y + z)a(y)−1a(z)−1 (∀y, z ∈ Y ),
3. b(y, y) ∈ I (∀y 6= 0), and for every n ≥ 0, a(y) ∈ In for almost all
y ∈ Y ,
4. Γ(Gη ,Lη) is identified with the k(η) vector subspace of formal Fourier
series θ that satisfy σx+y(θ) = a(y)b(y, x)σx(θ) and σx(θ) ∈ k(η) (∀x ∈
X,∀y ∈ Y ).
Definition 2.4. By taking a finite base change of S if necessary the func-
tions b and a can be extended respectively to X × X and X so that the
previous relations between b and a are still true on X×X. Let R∗ = R\{0}
and k(0)∗ = k(0)\{0}. Then we define integer-valued functions A : X → Z,
B : X ×X → Z and b¯(y, x) ∈ R∗, a¯(y) ∈ R∗ by
B(y, x) = vals(b(y, x)), dA(α)(x) = B(α, x) + r(x)/2,
A(x) = vals(a(x)) = B(x, x)/2 + r(x)/2,
b(y, x) = b¯(y, x)sB(y,x), a(x) = a¯(x)s(B(x,x)+r(x))/2
4 IKU NAKAMURA
for some r ∈ HomZ(X,Z), where B is positive definite by Theorem 2.3 (3).
We set a0 = a¯ mod I and b0 = b¯ mod I. Hence a0(x), b0(y, x) ∈ k(0)
∗.
Definition 2.5. Let X be a lattice of rank g, XR = X ⊗ R, and let B :
X × X → Z be a positive definite symmetric integral bilinear form, which
determines a distance ‖ ‖B on XR by ‖x‖B :=
√
B(x, x) (x ∈ XR). For any
α ∈ XR we say that a ∈ X is α-nearest if
‖a− α‖B = min{‖b− α‖B ; b ∈ X}.
We define a Delaunay cell σ to be the closed convex hull of all lattice
elements which are α-nearest for some α ∈ XR. All the Delaunay cells
constitute a locally finite decomposition of XR which we call the Delaunay
decomposition DelB . Let Del := DelB, and Del(c) the set of all the Delaunay
cells containing c ∈ X. For σ ∈ Del(c), we define C(c, σ) to be the cone
spanned by edges of σ at c. See [N99, p. 662].
Definition 2.6. We define
R˜ : = R[a(x)wxϑ;x ∈ X] ≃ R[ξxϑ;x ∈ X],
ξx : = s
B(x,x)/2+r(x)/2wx,
ζx,c : = s
B(α(σ),x)+r(x)/2wx (x+ c ∈ C(c, σ))
where R˜ is the graded algebra with deg(a(x)wxϑ) = 1 and deg a = 0 for
a ∈ R, while σ ∈ Del(c) is a Delaunay g-cell with x + c ∈ C(c, σ). Let
Q˜ := Proj(R˜). We define an action Sy on Q˜ by
S∗y(a(x)w
xϑ) = a(x+ y)wx+yϑ for y ∈ Y.
which induces a natural action on P˜ , the normalization of Q˜, denoted by
the same Sy. By L˜ we denote OProj(1) on Q˜ as well as its pullback to P˜ .
Theorem 2.7. 1. The quotients (P˜for, L˜for)/Y and (Q˜for, L˜for)/Y are flat
projective formal S-schemes.
2. There exist flat projective S-schemes (P,L) and (Q,L) such that their
formal completions (Pfor,Lfor) and (Qfor,Lfor) along the closed fibres
are respectively isomorphic to (P˜for, L˜for)/Y and (Q˜for, L˜for)/Y .
3. P is the normalization of Q.
Proof. This follows from [EGA, III, 5.4.5] and [M72]. See also [N99].
Definition 2.8. Let Del(P0) be the Delaunay decomposition corresponding
to P0. By taking a finite base change of S if necessary, we may assume that
dA(α(σ)) ∈ Hom(X,Z) for any Delaunay cell σ ∈ Del(P0). By [AN99] this
implies that P0 is reduced. We call the closed fibre (P0,L0) of (P,L) a
torically stable quasi-abelian scheme (abbr. a TSQAS) over k(0) := R/I.
In what follows we always assume that dA(α(σ)) ∈ Hom(X,Z) for any
σ ∈ Del(P0). Hence P0 is reduced.
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We quote a few theorems from [AN99] and [N99].
Theorem 2.9. Let (P˜0, L˜0) be the closed fibre of (P˜ , L˜) and ζ¯x,c := ζx,c⊗ k
the restriction to P0. Then
1. P˜0 is covered with infinitely many affine schemes of finite type
U0(c) := Spec k[ζ¯x,c;x ∈ X] (c ∈ X).
2. R0(c) := k[ζ¯x,c;x ∈ X] is a k-algebra of finite type. Let xi ∈ X. If xi’s
belong to one and the same Delaunay cell (resp. otherwise), then
ζ¯x1,c · · · ζ¯xm,c = ζ¯x1+···+xm,c (resp. 0).
Theorem 2.10. Let (P0,L0) be the closed fibre of (P,L). Let σ and τ be
Delaunay cells in Del(P0).
1. For each σ ∈ Del(P0) there exists a G-invariant subscheme O(σ) of P0
which is a torus of dimension dimσ over k(0),
2. σ ⊂ τ iff O(σ) is contained in O(τ), the closure of O(τ) in P0,
3. P0 =
⋃
σ∈Del(P0) mod Y
O(σ).
Theorem 2.11. Let n > 0. Then
1. h0(P0,L
n
0 ) = [X : Y ]n
g, hi(P0,L
n
0 ) = 0 (i > 0), and
Γ(P0,L0) =
{∑
x∈X
c(x)ξx;
c(x+ y) = b0(y, x)a0(y)c(x)
c(x) ∈ k,∀x ∈ X,∀y ∈ Y
}
.
2. Ln0 is very ample for n ≥ 2g + 1.
2.12. The group schemes G and G♯. We review [N99, 3.12] to recall the
notation. By choosing a suitable base change of S we assume dA(α(σ)) ∈
Hom(X,Z) for any σ ∈ DelB. Then P0 is reduced. Then G is realized as an
open subscheme of P . In fact, for any Delaunay g-cell σ ∈ Del(0), there is
an open smooth subscheme G(σ) ⊂ P such that
1. G(σ) ≃ G, G(σ)η = Pη, G(σ)0 = O(σ),
2. G(σ)for is a formal S-torus.
We define G♯ = G♯(σ) := ∪x∈(X/Y )Sx(G(σ)) ⊂ P . Then G
♯ is a group
scheme over S such that G♯η = Pη. It is uniquely determined by P , indepen-
dent of the choice of σ. See [N99, 4.13] for the detail.
2.13. The Heisenberg group. Let K(Lη) be the kernel of λ(Lη) : Gη →
Gtη. It is a subgroup scheme of Gη representing the functor defined by
K(Lη)(U) = {x ∈ Gη(U);T
∗
x (Lη,U ) ≃ Lη,U}
for an k(η)-scheme U where Lη,U is the pullback of Lη to (Gη)×k(η) U . Let
Ltsrη be the Gm-torsor on Gη associated with the invertible sheaf Lη. Let
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G(Lη) := (L
tsr
η )|K(Lη) (which we call the Heisenberg group of Lη). Then
G(Lη) is a group k(η)-scheme which represents the functor
G(Lη)(U) = {(a, φ); a ∈ K(Lη)(U) and
φ is an isomorphism of T ∗a (Lη,U ) with Lη,U}
It is a central extension of K(Lη) by the k(η)-split torus Gm,η. We define
the commutator form eLη of G(Lη) by
eLη(g¯, h¯) = [g, h] := ghg−1h−1, for ∀g, h ∈ G(Lη)
where g¯, h¯ are the images of g and h in K(Lη). It is bimultiplicative non-
degenerate and alternating on K(Lη). By [MB85, V, 2.5.5] (See also [M74,
§23]), Γ(Gη,Lη) is an irreducible G(Lη)-module of weight one, unique up to
isomorphism by taking a finite extension of k(η) if necessary.
Lemma 2.14. The flat closure K♯S(Lη) of K(Lη) in G
♯ is finite over S.
See [N99, Lemma 4.14].
Definition 2.15. Let Ltsr be the Gm-torsor on G
♯ associated with the in-
vertible sheaf L|G♯ . Let G
♯
S(Lη) := L
tsr
|K♯
S
(Lη)
and e♯S an extension of e
Lη to
K♯S(Lη). By [MB85, IV, 7.1 (ii)] G
♯
S(Lη) is a group scheme over S extending
G(Lη), which is a central extension of K
♯
S(Lη) by Gm,S with e
♯
S the com-
mutator form. The bimultiplicative form e♯S on K
♯
S(Lη) is nondegenerate
alternating by [MB85, IV, 2.4] and by Lemma 2.14.
Definition 2.16. We define
K(P,L) := K♯S(Lη), G(P,L) := G
♯
S(Lη),
G(Gη ,Lη) := G(Lη) = G(P,L) ⊗ k(η),
K(P0,L0) := K(P,L)⊗ k(0), G(P0,L0) := G(P,L)⊗ k(0).
The natural projection from Ltsr to G♯ makes G(P,L) a central extension
of K(P,L) by Gm,S with commutator form e
♯
S
1→ Gm,S → G(P,L)→ K(P,L)→ 0.
We call G(P,L) (resp. G(P0,L0)) the Heisenberg group scheme of (P,L)
(resp. (P0,L0)). Later in Definition 3.4 we define a finite version G(P,L) of
G(P,L).
Lemma 2.17. Let G♯ ⊂ P be the group S-scheme in 2.12. Then
1. Γ(Q,L) = Γ(P,L) = Γ(G♯,L), and it is an irreducible G(P,L)-module
of weight one, that is by definition, any G(P,L)-submodule of Γ(P,L)
of weight one is of the form JΓ(P,L) for some ideal J of R,
2. Γ(P0,L0) is an irreducible G(P0,L0)-module of weight one.
See [MB85, V, 2.4.2; VI, 1.4.7] and [N99, Lemma 5.12].
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Lemma 2.18. We define a morphism λ(L0) : G
♯
0 → Pic
0(P0) by
λ(L0)(a) = T
∗
a (L0)⊗ L
−1
0
for any U -valued point a of G♯0, U any k(0)-scheme. Then
1. K(P0,L0) = ker λ(L0),
2. G(P0,L0) is determined uniquely by (P0,L0).
Proof. First we note that G♯0 ≃ G0 × (X/Y ) in general, and that in the
totally degenerate case G0 ≃ HomZ(X,Gm), while in the general case G0 is
a HomZ(X,Gm)-torsor over an abelian variety A0 whose extension class is
determined uniquely by (P0,L0).
Next we recall Pic0(P0) is a k(0)-scheme by [FGA, 232, Corollaire 6.6].
Then the proof of the first assertion is the same as [N99, Lemma 5.14].
Next we prove the second assertion. We see as in the case of abelian
varieties that K(P0,L0) is the maximal subscheme of G
♯
0 such that the sheaf
m∗(L)⊗ p∗2(L)
−1 is trivial on K(P0,L0)×P0 where m : G
♯
0×P0 → P0 is the
action of G♯0 and p2 : G
♯
0 × P0 → P0 is the second projection. We also see
as in the case of abelian varieties that G(P0,L0) is the scheme representing
the functor similar to 2.13 :
G(P0,L0)(U) = {(a, φ); a ∈ K(P0,L0)(U) and
φ is an isomorphism of T ∗a (L0,U ) with L0,U}
for any k(0)-scheme U . By the first assertion and 2.13 K(P0,L0) and
G(P0,L0) are independent of the choice of a Delaunay g-cell σ.
Definition 2.19. Let k be an algebraically closed field and (P0,L0) be a
TSQAS over k = k(0). Then we define
emin(K(P0,L0)) = max{n > 0; ker(n · idG♯
0
) ⊂ K(P0,L0)},
emax(K(P0,L0)) = min{n > 0; ker(n · idG♯
0
) ⊃ K(P0,L0)}.
where G♯0 is the closed fibre of G
♯ in 2.12. If the order of K(P0,L0) and
the characteristic of k(0) are coprime, then K(P0,L0) ≃ ⊕
g
i=1(Z/eiZ)
⊕2 for
some positive integers ei with ei|ei+1. From this it follows emin(K(P0,L0)) =
e1 and emax(K(P0,L0)) = eg.
Theorem 2.20. Let (Q0,L0) be a projectively stable quasi-abelian scheme
over k(0). If emin(K(P0,L0)) ≥ 3, Γ(Q,L)⊗ k(0) is very ample on Q0.
Proof. See [N99, Theorem 6.3].
Corollary 2.21. Suppose emin(K(P0,L0)) ≥ 3. Then Γ(P,L) is base-point
free and defines a finite morphism ΦL of P into the projective space. The
image of P by ΦL is isomorphic to Q.
Proof. Let ν : P → Q be the normalization morphism. By definition LP =
ν∗(LQ). By Lemma 2.17 we have Γ(P,LP ) = ν
∗Γ(Q,LQ). Hence Γ(P,LP )
is base-point free by Theorem 2.20 so that it defines a finite S-morphism
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ΦLP : P → P(Γ(P,LP )), which factors through Q. Since by Theorem 2.20
Γ(Q,L) is very ample on Q, the image ΦLP (P ) is Q.
3. Level G(K)-structure
Let ζN be a primitive N -th root of unity and ON := Z[ζN , 1/N ]. For
simplicity we write O = ON .
Definition 3.1. Let H be a finite abelian group such that emax(H), the
maximal order of elements in H, is equal to N . Now we regard H as a
constant finite abelian group O-scheme. Let H∨ := HomO(H,Gm,O) be the
Cartier dual of H. We set K := K(H) = H⊕H∨ and define a bimultiplica-
tive (or simply a bilinear) form eK : K ×K → Gm,O by
eK(z ⊕ α,w ⊕ β) = β(z)α(w)
−1
where z, w ∈ H, α, β ∈ H∨. We note that H is a maximally isotropic
subgroup of K, unique up to isomorphism.
Let µN := SpecO[x]/(x
N − 1) be the group scheme of all N -th roots of
unity. We define group O-schemes G(K) and G(K) by
G(K) := {(a, z, α); a ∈ Gm,O, z ∈ H,α ∈ H
∨},
G(K) := {(a, z, α); a ∈ µN , z ∈ H,α ∈ H
∨}
endowed with group scheme structure
(a, z, α) · (b, w, β) = (abβ(z), z + w,α + β).
Let V (K) be the group algebra O[H∨] of H∨ over O, and an O-basis v(χ)
(χ ∈ H∨) of V (K). The group scheme G(K) and G(K) act on V (K) by
U(K)(a, z, α)(v(χ)) = aχ(z)v(χ+ α)
where a ∈ µN or a ∈Gm,O, z ∈ H and α ∈ H
∨. Let G¯(K) = U(K)G(K).
Definition 3.2. Let k be a field over O. Any G(K) ⊗ k-module V is of
weight one if every a ∈ µN ⊂ G(K) ⊗ k acts on V as scalar multiplication
a · idV . Then we say that the action of G(K) on V is of weight one.
Remark 3.3. By [M66] V (K) ⊗ k is an irreducible G(K) ⊗ k-module of
weight one, unique up to equivalence. Any finite dimensional G(K)-module
of weight one over k is a direct sum of copies of V (K)⊗ k.
Let R be a discrete valuation ring, k(0) = R/I and S = Spec R. If the
order of K(P,L) and the characteristic of k(0) are coprime, then K(P,L)
is a reduced flat finite group S-scheme, e´tale over S. Hence by taking a
finite base change if necessary, we may assume by [N99, Section 7] that
(K(P,L), e♯S) ≃ (KS , eK,S) and G(P,L) ≃ G(K)S for a suitable K.
Definition 3.4. The (finite) Heisenberg group scheme G(P,L) of (P,L) is
defined to be the unique subgroup scheme of G(P,L) mapped isomorphically
onto G(K)S when G(P,L) ≃ G(K)S . See [N99, Section 7]. Let G(P0,L0) =
G(P,L)⊗ k(0).
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Definition 3.5. A pair (P0,L0) is called a g-dimensional K-symplectic tor-
ically stable quasi-abelian scheme or a K-symplectic TSQAS over k if
(i) (P0,L0) is a g-dimensional torically stable quasi-abelian scheme over
k, that is, a closed fibre of some (P,L) in Theorem 2.7,
(ii) (K(P0,L0), e
♯
S,0)⊗ k¯ ≃ (K, eK)⊗ k¯.
Suppose emin(K) ≥ 3 in what follows.
Definition 3.6. Let (Z,L) a K-symplectic TSQAS over k. A level G(K)-
structure (φ, ρ) on (Z,L) is defined to be a pair of a finite k-morphism
φ : Z → P(V (K)⊗k) and a central extension isomorphism ρ : G(K)⊗Ok →
G(Z,L) which induce a weight one ρ-equivariant isomorphism of line bundles
(namely the centers acting as scalar multiplication of weight one)
(i) φ∗(OP(V (K)⊗k)(1)) ≃ L.
The isomorphism (i) induces a weight one ρ-equivariant isomorphism of
k-vector spaces by Lemma 2.17
H0(φ∗) : H0(OP(V (K))(1)) ⊗ k = V (K)⊗ k ≃ H
0(Z,L)
where G(K) acts on V (K)⊗O k as a conjugate to U(K).
The level G(K)-structure (φ, ρ) is called a rigid G(K)-structure if
(ii) ρ = G(H0(φ∗)) ◦ (U(K)⊗O k)
where G(H0(φ∗))(g¯) := H0(φ∗) ◦ g¯ ◦ (H0(φ∗))−1 for any g¯ ∈ G¯(K), that is,
the action of G(K) on V (K)⊗O k is just U(K).
If (i) is satisfied, we denote (Z,L,G(Z,L), φ, ρ) by (Z, φ, ρ)LEV because
L and G(Z,L) are uniquely determined by φ and ρ. If (i) and (ii) are true,
we denote it by (Z, φ, ρ)RIG.
Definition 3.7. Let (Zi, Li, G(Zi, Li), φi, ρi) be k-TSQASes with level G(K)-
structure (i = 1, 2). They are defined to be isomorphic if there is a k-
isomorphism f : Z1 ≃ Z2 such that
(i) L1 ≃ f
∗L2,
(ii) ρ1 = G(f
∗) ◦ ρ2
where G(f∗)(g) = f∗g(f∗)−1 for any g ∈ G(Z2, L2).
In this case we write (Z1, φ1, ρ1)LEV ≃ (Z2, φ2, ρ2)LEV. By (ii) we have
G(Z1, L1) = G(f
∗)G(Z2, L2). We define (Zi, φi, ρi)RIG to be isomorphic if
(Zi, φi, ρi)LEV are isomorphic.
Lemma 3.8. Let (Zi, φi, ρi)RIG be k-TSQASes with rigid G(K)-structure
(i = 1, 2). Then the following are equivalent:
1. (Z1, φ1, ρ1)RIG ≃ (Z2, φ2, ρ2)RIG,
2. there is a k-isomorphism f : Z1 ≃ Z2 with φ1 = φ2 ◦ f .
Proof. Though the definition of rigid G(K)-structure is slightly different
from [N99, Section 9], the proof of this lemma proceeds in the same manner
as [N99, Lemma 9.7].
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Lemma 3.9. Let (Z,L) be a K-symplectic TSQAS over k. For any level
G(K)-structure (φ, ρ) on (Z,L) there exists a rigid G(K)-structure (φ(ρ), ρ)
such that (Z, φ(ρ), ρ)LEV ≃ (Z, φ, ρ)LEV. If L is very ample, then the rigid
G(K)-structure (φ(ρ), ρ) is unique.
Proof. We choose and fix a symplectic isomorphism σ : (K, eK) ⊗ k(0) ≃
(K(P0,L0), e
♯
S,0) and a central extension isomorphism ρ : G(K) ⊗ k(0) ≃
G(P0,L0) in a compatible way. We may assue k = k(0). By the uniqueness
of weight one G(K)⊗k-module there is a k-isomorphismH0(φ(ρ)∗) : V (K)⊗
k → Γ(P0,L0) such that
ρ(g)(H0(φ(ρ)∗)(w)) = H0(φ(ρ)∗)U(K)(g)(w) (∀g ∈ G(K), w ∈ V (K))
Hence ρ = G(H0(φ(ρ)∗))U(K). By Corollary 2.21, φ(ρ) is a finite k-
morphism of Z into P(V (K) ⊗O k). Uniqueness of φ(ρ) follows from ir-
reducibility of U(K) and Schur’s lemma when L is very ample.
We note that if L is not very ample, then there might be an automorphism
ψ of (Z,L) which keeps φ and ρ invariant.
Definition 3.10. Let T be a noetherian O-scheme. Then a quintuplet
(P,L, G(P,L), φ, ρ) is called a torically stable quasi-abelian T -scheme (abbr.
a T -TSQAS) of relative dimension g with level G(K)-structure if
(i) P is a proper flat T -scheme with a relatively ample invertible sheaf L,
(ii) φ is a finite T -morphism of P into P(V (K)⊗O OT ),
(iii) G(P,L) is a finite flat reduced group T -scheme acting on (P,L),
(iv) ρ : G(K)T → G(P,L) is an isomorphism of group T -schemes,
(v) φ∗(OP(V (K))(1) ⊗O M) ≃ L is a ρ-equivariant isomorphism (of line
bundles on P ) for some weight one action of G(K)T on OP(V (K))T (1),
(vi) for any geometric point s of T , (Ps, φs, ρs) is a TSQAS of dimension g
over k(s) with level G(K)-structure
where M is some invertible OT -module with trivial G(K)T -action and π :
P → T is the structure morphism.
It follows from the condition (vi) that the isomorphism (v) induces a
ρ-equivariant isomorphism of OT -Modules
R0π∗(φ
∗) : V (K)⊗O M ≃ π∗(L).
We denote (P,L, G(P,L), φ, ρ) by (P, φ, ρ)LEV. We call (P, φ, ρ)LEV a
T -TSQAS with rigid G(K)-structure and denote it by (P, φ, ρ)RIG if
(vii) R0π∗(ρ) = G(R
0π∗(φ
∗)) ◦ U(K)T .
Definition 3.11. Let (Pi, φi, ρi)LEV := (Pi,Li, G(Pi,Li), φi, ρi) (i = 1, 2)
be T -TSQASes with level G(K)-structure. We define them to be isomorphic
if there exist a T -isomorphism f : P1 → P2 and an invertible OT -module M
with trivial G(K)T -action such that
(i) L1 ≃ f
∗L2 ⊗O M ,
(ii) ρ1 = G(f
∗) ◦ ρ2.
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If (Pi, φi, ρi) are rigid G(K)-structures, then (i) and (ii) is by Lemma 3.8
equivalent to
(iii) φ1 = φ2 ◦ f .
An algebraic space T is by definition the isomorphism class of an e´tale
representative U → T with e´tale equivalence relation R ⊂ U×U . See [K71].
Let pi : R → U be the composite of the immersion R ⊂ U × U with i-th
projection (i = 1, 2). A T -TSQAS (Z,ψ, ρ)LEV with level G(K)-structure
is a U -TSQAS (ZU , ψU , ρU )LEV whose pullbacks by pi are isomorphic as
R-TSQASes with level G(K)-structure.
Definition 3.12. We define the functor SQtoricg,K as follows. For any noe-
therian ON -scheme T , we set
SQtoricg,K (T ) = the set of torically stable quasi-abelian
T -schemes (P, φ, ρ)LEV of relative dimension g
with level G(K) -structure modulo T -isom .
3.13. General rigid G(K)-structures. Even if (Z,L) is neither a TSQAS
nor a PSQAS, we can also speak of a rigid (or level) G(K)-structure. IfG(K)
acts on a polarized k-scheme (Z,L) with L very ample (or equivalently,
L is G(K)-linearized [MFK94, p. 30]), then H0(Z,L) becomes a G(K)-
module in a natural manner. Let ρ be the action of G(K) on H0(Z,L) and
P := P(V (K)⊗Ok). If φ : (Z,L)→ (P, OP(1)) is a G(K)-equivariant closed
immersion such that H0(φ∗) : V (K) ⊗O k → H
0(Z,L) is an isomorphism
with ρ = G(H0(φ∗)) ◦ (U(K) ⊗ k), then we call the triplet (Z, φ, ρ) a rigid
G(K)-structure on (Z,L), which we denote (Z, φ, ρ)RIG. In particular, if
Z is a G(K)-invariant closed subscheme of P, then (Z, i, U(K)) is a rigid
G(K)-structure on (Z,OP(1)⊗OZ) where i is the inclusion of Z in P. If ρ
is of weight one, then Lemmas 3.8, 3.9 are true as well.
4. The stable reduction theorem
4.1. The rigid G(K)-structure we start from. Let R be a complete
discrete valuation ring, k(η) (resp. k(0)) the fraction field (resp. the residue
field) of R, and S = Spec R. Let (Gη ,Lη) be a polarized abelian variety over
k(η) with Lη ample and K(Lη) := kerλ(Lη). Let e
Lη be the Weil pairing of
K(Lη).
Suppose that the order of K(Lη) and the characteristic of k(0) are co-
prime. Then there exists a finite symplectic constant abelian group Z-
scheme (K, eK) such that (K, eK)⊗Zk(η) ≃ (K(Lη), e
Lη). LetN = emax(K).
We also may assume that R contains a primitive N -th root ζN of unity. If
emin(K) ≥ 3, then by Lemma 3.9 (Gη ,Lη) has a unique rigid G(K)-structure
because Lη is very ample.
Theorem 4.2. Let R be a complete discrete valuation ring and S = Spec R.
Let (Gη ,Lη) be a polarized abelian variety over k(η). Let K(Lη) := ker λ(Lη)
and N = emax(K(Gη ,Lη)). Assume that
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(i) the characteristic of k(0) and the order of K(Lη) are coprime,
(ii) emin(K(Lη)) ≥ 3,
(iii) R contains a primitive N -th root ζN of unity.
Then after a suitable finite base change if necessary, there exist flat pro-
jective schemes (P,L) and (Q,L), semiabelian group schemes G and G♯,
the flat closure K(P,L) of K(Lη) in G
♯, a symplectic form e♯S on K(P,L)
extending eLη and the Heisenberg group schemes G(P,L) and G(P,L) of
(P,L), all of these being defined over S, such that
1. P is reduced over S,
2. (G,L) and (G♯,L) are open subschemes of (P,L),
3. G♯ = K(P,L) ·G,
4. (Gη ,Lη) ≃ (G
♯
η ,Lη) ≃ (Pη ,Lη) ≃ (Qη,Lη),
5. there exists a constant finite symplectic abelian group Z-scheme (K, eK)
such that (K(P,L), e♯S) ≃ (K, eK)S and G(P,L) ≃ G(K)S,
6. Γ(G♯,L) ≃ Γ(P,L) ≃ Γ(Q,L) ≃ V (K)⊗ON R and they are irreducible
G(P,L)-modules of weight one, unique up to equivalence.
See [N99] for the proof of it and for the details of (Q,L).
5. The scheme parametrizing TSQASes
Let K be a symplectic finite abelian group with emin(K) ≥ 3. Let N =
emax(K) and O = ON . In what follows we fix K and O.
5.1. The scheme H1×H2. Choose and fix a coprime pair of natural inte-
gers d1 and d2 such that d1 > d2 ≥ 2g + 1 and dk ≡ 1 mod N . This pair
does exist because it is enough to choose prime numbers d1 and d2 large
enough such that dk ≡ 1 mod N and d1 > d2. We choose integers qk such
that q1d1 + q2d2 = 1.
Now consider a G(K)-module Wk(K) := Wk ⊗ V (K) ≃ V (K)
⊕Nk where
Nk = d
g
k and Wk is a free O-module of rank Nk with trivial G(K)-action.
Let ρk be the natural action of G(K) on Wk(K).
Let Hk be the Hilbert scheme parametrizing all pure g-dimensional po-
larized subschemes (Zk,Mk) of the projective space P(Wk(K)) such that
χ(Zk, nMk) = n
gdgk
√
|K| for k = 1, 2.
Let Xk be the universal subscheme of P(Wk(K)) over Hk, X the product
of X1 and X2 over O. Hence X is a subscheme of P(W1(K))×O P(W2(K))
over H1 ×O H2.
5.2. The scheme U1. Let (X,L) be a polarized O-scheme with L very
ample and P (n) an arbitrary polynomial. Let HilbP (X) be the Hilbert
scheme parametrizing all subschemes Z of X with χ(Z, nLZ) = P (n). As is
well known HilbP (X) is a projective O-scheme.
For a given projective scheme T and a given flat projective T -scheme
(X,L) and an arbitrary polynomial P (n), let HilbPconn(X/T ) be the scheme
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parametrizing all connected subschemes Z of X with χ(Z, nLZ) = P (n) pro-
jected to one point of T . Then HilbPconn(X/T ) is a projective T -subscheme
of HilbP (X).
Let pk : X1 ×O X2 → Xk be the k-th projection. Let X = X1 ×O X2 and
H = H1 ×O H2. The aim of the subsequent sections is to construct a new
compactification of the moduli scheme of abelian varieties as the quotient
of a certain subscheme of HilbPconn(X/H) by GL(W1)×GL(W2).
Let B be the pullback to X of a very ample invertible sheaf on H. Let
Mi = p
∗
i (OP(Wi(K))(1)) andM = d2M1+d1M2+B. ThenM is a very ample
invertible sheaf on X. Now we define U1 to be the subset of Hilb
P
conn(X/H)
consisting of all subschemes Z such that
(i) pk |Z is an isomorphism (i = 1, 2),
(ii) d2L1 = d1L2,
(iii) Z is G(K)-stable
where P (n) = (2nd1d2)
g
√
|K| and Li =Mi ⊗OZ .
We prove that U1 is a nonempty closed O-subscheme of Hilb
P
conn(X/H).
The condition d2L1 = d1L2 is closed, while the condition that pi|Z is an
isomorphism is open and closed. The G(K)-stability of Z is equivalent to
the condition that Z ∈ HilbPconn(X/H) is fixed by the natural G(K)-action
on X and H. Hence it is a closed condition. Hence U1 is a closed, hence a
projective O-subscheme of HilbPconn(X/H).
It remains to show U1 6= ∅. Let k be an algebraically closed field over O,
and (A,L) a polarized abelian variety over k with G(A,L) ≃ G(K). Since
emin(K) ≥ 3, L is very ample and (A, diL) ∈ Hi. Moreover Γ(A,L) ≃
V (K) ⊗ k. Hence there is a unique rigid G(K)-structure of (A,L) by
Lemma 3.9, in other words, there is a unique G(A,L)-G(K) equivariant
closed immersion φ : A→ P(V (K)⊗ k) of (A,L). In particular φ(A) (≃ A)
is a G(K)-stable subscheme of P(V (K) ⊗ k). Since L has a G(A,L)-
linearization of weight one, diL has a G(A,L)-linearization of weight di
too. Since di ≡ 1 mod N , and since a
N = 1 for any a ∈ µN , diL has
a G(A,L)-linearization of weight one. Hence Γ(A, diL) is a direct sum
of V (K) ⊗ k. Since Γ(A, diL) is very ample, we can choose a G(A,L)-
G(K)-equivariant closed immersion φi : A → P(Wi(K)). Then φi(A)
is a G(K)-stable subscheme. Therefore (φ1(A), φ2(A)) ∈ H1 × H2. Let
Z ⊂ φ1(A) × φ2(A) ≃ A × A be the inverse image of the diagonal. Since
Z ≃ A, we see that
χ(Z, n(d2L1 + d1L2 +B)Z)
= χ(A, 2nd1d2L) = (2nd1d2)
g
√
|K| = P (n),
which proves Z ∈ HilbPconn(X/H). Thus Z ∈ U1(k). Hence U1 6= ∅.
Lemma 5.3. Let k be an algebraically closed field over O. Let Z ∈ U1(k)
and L = q1L1 + q2L2. Then Li = diL.
Proof. One sees readily diL = di(q1L1 + q2L2) = (d1q1 + d2q2)Li = Li.
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5.4. The scheme U2. Let qi be the integers chosen above. Let U2 be the
open subscheme of U1 consisting of all subschemes Z of X such that (i)-(iii)
are true and
(iv) L is ample where L = q1L1 + q2L2,
(v) χ(Z, nL) = ng
√
|K|,
(vi) Hq(Z, nL) = 0 for q > 0 and n > 0,
(vii) Γ(Z,L) is base point free,
(viii) the pullback H0(p∗i ) : Wi(K)⊗ k → Γ(Z,Li) is surjective for i = 1, 2,
(ix) Z is reduced.
It is clear that (iv)-(ix) are open conditions. Note that the surjectivity in
(viii) implies a G(K)-equivariant isomorphism in view of (iii).
We note U2 6= ∅. In fact, letting k be an algebraically closed field over O
we choose a polarized abelian variety (A,L) over k with G(A,L) ≃ G(K).
Then L is very ample and (A, diL) ∈ Hi (identified with φi(A)), and the
inverse image Z of the diagonal (≃ A) belongs to U1(k) as we saw in 5.2.
Since Li = diL by Lemma 5.3, all the conditions (iv)-(viii) are true for Z as
is well known. Hence Z ∈ U2(k). Hence U2 6= ∅.
5.5. The scheme U3. Next we recall that the locus Ug,K of abelian varieties
is an open subscheme of U2. The condition on Z ∈ Ug,K that the natural
action of G(K) on Z is contained in Aut0(Z) is open. Since L is very ample,
this condition implies that if (Z,L) is a polarized abelian variety, then the
restriction of the G(K)-action to Z reduces to K(Z,L).
Now we define U3 to be a reduced subscheme in U2 whose underlying set
is the union of all the irreducible components of U2 over which at least one of
the geometric fibres of X is a polarized abelian variety (Z,L) with Li = diL
and L very ample such that
(x) the restriction to Z of the G(K)-action on X is contained in Aut0(Z).
By definition U3 is the closure of Ug,K in U2 with reduced structure. Note
that it is an O-subscheme of HilbPconn(X/H).
6. The fibres over U3
6.1. (Sk) and (Rk). Here we recall the conditions (Sk) and (Rk):
(Sk) depth(Ap) ≥ inf(k,ht(p)) for all p ∈ Spec (A),
(Rk) Ap is regular for all p ∈ Spec (A) with ht(p) ≤ k .
Lemma 6.2. Let A be a noetherian local ring. Then
1. (Serre) A is normal if and only if (R1) and (S2) are true for A,
2. A is reduced if and only if (R0) and (S1) are true for A.
See [M70, Theorem 39] and [EGA, IV2, 5.8.5 and 5.8.6].
Lemma 6.3. Let R be a discrete valuation ring, S := Spec R, η the generic
point of S and k(η) the fraction field of R. Let (Zk, φk, ρk)RIG be flat proper
schemes over S with rigid G(K)-structure in the sense of 3.13 such that φk
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is a closed immersion of Zk into P(V (K) ⊗O R) and H
0(φ∗k) : V (K) ⊗O
R → H0(Zk, Lk) is a G(K)-isomorphism. If (Zk, φk, ρk)RIG are isomorphic
abelian varieties over k(η), then they are isomorphic over S.
Proof. Let H = Hilb
P (n)
P(V (K)) be the Hilbert scheme parametrizing all sub-
schemes of P(V (K)) with Hilbert polynomial P (n) = ng
√
|K| and Xuniv
the universal subscheme of P(V (K)) over H. Then φk induces a unique
morphism Hilb(φk) : S → H such that Zk is the pullback by Hilb(φk) of
Xuniv. By the assumption there is a k(η)-isomorphism fη : Z1,η → Z2,η by
Lemma 3.8 such that φ1,η = φ2,η ◦fη. It follows that Hilb(φ1,η) = Hilb(φ2,η).
Since H is separated, Hilb(φ1) = Hilb(φ2), hence φ1(Z1) = φ2(Z2). This
implies that there is an S-isomorphism f : Z1 → Z2 extending fη such that
φ1 = φ2 ◦ f . This proves (Z1, φ1, ρ1)RIG ≃ (Z2, φ2, ρ2)RIG by Lemma 3.8.
Lemma 6.4. Let R be a discrete valuation ring, S := Spec R, η the generic
point of S and k(η) the fraction field of R. Let h be a morphism from S
into U3. Let (Z,L) be the pullback by h of the universal subscheme Zuniv,
universal for HilbPconn(X/H), such that (Zη,Lη) is a polarized abelian vari-
ety. Then (Z,L) is isomorphic to a (modified) Mumford’s family (P,N ) in
Theorem 2.7 after a finite base change if necessary.
Proof. By the assumption on h, (Zη,Lη) is a polarized abelian variety over
k(η) such that the action of G(K) is contained in Aut0(Zη) ∩ Aut(Zη ,Lη).
After a suitable finite base change we may assume by Theorem 4.2 that there
is a flat projective family (P,N ) associated with the degeneration data of
(Zη,Lη) such that
1. (P,N ) is a K-symplectic S-TSQAS, in particular, P0 is connected re-
duced and P is normal,
2. (Pη ,Nη) ≃ (Zη,Lη),
3. G(P,N ) ≃ G(K)S ,
4. there is a G(P,N )-G(K)S -equivariant polarized finite morphism
ψ : (P,N )→ (P(V (K))S , OP(V (K))S (1))
such that ψη is a closed immersion.
Let (Q,NQ) be an S-PSQAS extending (Pη ,Nη) to S. The scheme Q was
defined in Section 2. By Lemma 2.21 Q is the image of P by the morphism
ψ : P → P(V (K) ⊗O R) defined by Γ(P,N ), while NQ is the restriction of
OP(V (K))(1)S to Q. Then ψ : P → Q is the normalization of Q in view of
Theorem 2.7.
Let π : Z → S be the flat family given at the start. Then Γ(Z,L) is a free
R-module of rank
√
|K| by (ii). It is a G(K)-module of weight one, hence
G(K)-isomorphic to V (K)⊗ R after a finite base change. See Remark 3.3.
By (vii) Γ(Z,L) is base point free, which defines a G(K)-equivariant finite
morphism q : Z → P(V (K) ⊗ R) such that qη is a closed immersion of Zη
because emin(K) ≥ 3. Let W be the flat closure of qη(Zη) in P(V (K)⊗R),
and LW the restriction of OP(V (K))S (1). Since Zη is reduced, Wred is the
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flat closure of qη(Zη). Hence W is reduced. Since Zη is irreducible, so is
W . Since Z0 is reduced, so is Z, hence q factors through W . It follows that
q : Z →W is a finite surjective birational morphism.
By 3.13 and Lemma 3.9 the S-scheme (W,LW ) has a unique rigid G(K)-
structure (W, iW , U(K))RIG, while (Q,NQ) has a unique rigidG(K)-structure
(Q, iQ, U(K))RIG by Theorem 4.2 where iW and iQ are natural inclusions of
W and Q into P(V (K))S . Since we have
(Wη, iWη , U(K))RIG ≃ (Qη, iQη , U(K))RIG ≃ (Zη, iZη , ρZη)RIG,
(W, iW , U(K))RIG and (Q, iQ, U(K))RIG are S-isomorphic by Lemma 6.3. It
follows the action of G(K) on (W,LW ) is the same as that of G(W,LW ).
Hence to complete our proof of the theorem it suffices to prove that Z is
also the normalization of W . Since q is finite and birational, it suffices to
prove that Z is normal. By Lemma 6.2 it suffices to check that (R1) and
(S2) are true for OZ . Since Z0 is reduced, it is smooth at a generic point
of any irreducible component of it. Hence Z is smooth at any codimension
one point of Z supported by Z0. Since Zη is smooth, Z is codimension one
nonsingular everywhere. This is (R1).
Next we prove (S2). Since π : Z → S is flat, any regular parameter t of
R is not a zero divisor of OZ . Let p be a prime ideal of OZ . If p ∩ R 6= 0,
then t ∈ p and q := p/tOZ is a prime ideal of OZ0 with ht(q) = ht(p) − 1.
Since Z0 is reduced, hence (S1) for Z0 is true by Lemma 6.2. It follows
that depth(OZ)p = depth(OZ0)q + 1 ≥ inf(1,ht(q)) + 1 = inf(2,ht(p)). If
p∩R = 0, then k(η) ⊂ (OZ)p and (OZ)p = (OZη )pOZη . Hence depth(OZ)p =
dim(OZ)p ≥ inf(2,ht(p)) because Zη is nonsingular. This proves (S2).
Therefore Z is normal by Lemma 6.2. It follows that Z is the normaliza-
tion of W and (Z,L) ≃ (P,N ).
Corollary 6.5. Let (Z0,L0) be the closed fibre of (Z,L) in Lemma 6.4.
Then (Z0,L0) is a K-symplectic TSQAS such that the action of G(K) on
(Z0,L0) is G(Z0,L0).
Proof. By the proof of Lemma 6.4, we see that Z is the normalization of
W and (W, iW , ρW )RIG ≃ (Q, iQ, ρQ)RIG. The normalization morphism
of Z onto W is G(K)-equivariant and the action of G(K) on (W,LW ) is
G(W,LW ) by the proof of Lemma 6.4. Hence the action of G(K) on (Z,L)
is G(Z,L). This proves the corollary.
Corollary 6.6. Let Spec k be a geometric point over O and Z ∈ U3(k).
Let L =M ⊗OZ under the notation of 5.2. Then (Z,L) is a K-symplectic
TSQAS such that the G(K)-action on (Z,L) induced from that on Wi(K)
is exactly G(Z,L).
Proof. It follows from Corollary 6.5 that (Z,L) is a K-symplectic TSQAS.
The remaining assertion follows from Definition 2.16 and Theorem 4.2.
7. The geometric quotient
Lt N = emax(K) and O = ON = Z[ζN , 1/N ].
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Lemma 7.1. Let k be an algebraically closed field over O.
1. U3 is GL(W1)×GL(W2)-invariant,
2. Let (Z,L) ∈ U3(k) and (Z
′, L′) ∈ U3(k) where L = M ⊗ OZ and
L′ = M ⊗ OZ′. If (Z,L) ≃ (Z
′, L′) as polarized varieties with G(K)-
linearization, then (Z ′, L′) belongs to the GL(W1) × GL(W2)-orbit of
(Z,L).
Proof. First we prove (2). Let f : (Z,L) → (Z ′, L′) be an isomorphism
with G(K)-linearization. Hence (Z, diL) and (Z
′, diL
′) are isomorphic as
polarized schemes with G(K)-linearization. By the assumptions on (Z,L)
and (Z ′, L′), we see first diL and diL
′ are very ample. Hence (Z, diL) and
(Z ′, diL
′) ∈ Hi(k) (i = 1, 2). Thus we see
1. there are commutative diagrams of G(K)-equivariant isomorphisms
(Z, diL)
fi
−−−→ (Z ′, diL
′)yιi yι′i
(P(Wi(K)), OP(Wi(K))(1))
Fi−−−→ (P(Wi(K)), OP(Wi(K))(1)).
where ιi and ι
′
i are closed immersion of (Z, diL) into P(Wi(K)).
2. there are commutative diagrams of G(K)-equivariant isomorphisms
H0(Z, diL)
H0(f∗i )←−−−− H0(Z ′, diL
′)xH0(ι∗i ) xH0((ι′i)∗)
H0(OP(Wi(K))(1)) ⊗ k
H0(F ∗i )←−−−− H0(OP(Wi(K))(1))) ⊗ k
where H0(OP(Wi(K))(1)) =Wi(K).
Let ρi and ρ
′
i be the G(K)-actions on Wi(K) = Wi ⊗O V (K) defined in
5.1. In particular we have
ρi(g) ◦H
0(F ∗i ) = H
0(F ∗i ) ◦ ρ
′
i(g)
ρi(g) = ρ
′
i(g) = (idWi ⊗U(K))(g).
Note that Schur’s lemma for U(K) is true over any O-algebra. See [N99,
Remark 7.15]. Hence it follows from irreducibility of U(K) that H0(F ∗i ) =
h∗i ⊗ idV (K) for some h
∗
i ∈ GL(Wi). Let σ(h
∗
i ) be the transformation of
P(Wi(K)) induced from h
∗
i ⊗ idV (K). Then ι
′
i ◦ fi = σ(h
∗
i ) ◦ ιi. This proves
(2). (1) is clear from the proof of (2).
7.2. The geometric and categorical quotient. LetG be a group scheme,
X a scheme and σ : G ×X → X the action. We say that the action σ on
X is proper if the morphism Ψ := (σ, p2) : G ×X → X ×X is proper. We
consider the following conditions:
1. φ ◦ σ = φ ◦ p2,
2. φ is surjective and the image of Ψ is X ×Y X,
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3. φ is submersive, that is, U is open in Y if and only if φ−1(U) is open
in X,
4. a given space Z and a morphism ψ : X → Z such that ψ ◦ σ = ψ ◦ p2,
then there is a unique morphism χ : Y → Z such that ψ = χ ◦ φ.
A pair (Y, φ) consisting of an algebraic space Y and a morphism φ : X →
Y is called a geometric quotient (resp. a categorical quotient) of X if the
conditions 1, 2 and 3 (resp. 1 and 4) are satisfied.
The pair (Y, φ) is called a uniform geometric quotient (resp. a uniform
categorical quotient) if for any Y -flat Y ′ (Y ′, φ′) is a geometric quotient (resp.
a categorical quotient) of X ×S Y
′ by G where φ′ := φ×Y Y
′.
Theorem 7.3. Let G = GL(W1)×GL(W2). Then
1. The action of G on Ug,K is proper and free.
2. The action of G on U3 is proper and has finite stabilizer.
3. The uniform geometric and uniform categorical quotient of U3 by
GL(W1)×GL(W2) exists as a separated algebraic space.
Proof. Let k be a closed field. Let Z ∈ U3(k) and h ∈ G. Suppose h ·Z = Z.
Then h = (h1, h2) for some hk ∈ GL(Wk) and each hk keeps Lk invariant,
hence h keeps L invariant. This implies that h is an automorphism of (Z,L)
with G(K)-linearization. In particular, h induces a linear transformation
H0(h,L) of Γ(Z,L), which commutes with U(K)(g) for any g ∈ G(K).
Thus H0(h,L) on Γ(Z,L) is a scalar matrix.
We assume that H0(h,L) is the identity on Γ(Z,L). We shall prove that
it is an automorphism of Z of finite order.
First we consider the totally degenerate case, that is, Z is a union of nor-
mal torus embeddings. We may assume (Z,L) = (P0,L0) by Corollary 6.6.
Since H0(h,L) is the identity on Γ(Z,L), h induces the identity of (Q0)red
with the notation in Section 2. By Lemma 2.21 the linear system Γ(Z,L)
defines a finite morphism into P(Γ(Z,L)), whose image is (Q0)red. Since
Γ(Z,L) is by Theorem 2.11 the k-vector space consisting of finite sums of
monomials ξa with a ∈ Del
0(Z) := the set of Delaunay vectors of Del(Z),
each monomial ξa in the sums is invariant under h.
For a given Delaunay g-cell σ ∈ Del(Z)(0), we define X(σ) to be the
sublattice of the lattice X ≃ Zg generated by Delaunay vectors of σ starting
from the origin. Let N(σ) be the index [X : X(σ)] and N(Z) the least
common multiple of N(σ) for all Delaunay g-cells of Del(Z)(0). Then ζb,0 is
multiplied by an N(Z)-th root of unity (depending on b) because N(Z)b ∈
X(σ) if b ∈ C(0, σ). Thus h is of order at most N(Z). Hence the action of
G has finite stabilizer.
If (Z,L) is a polarized abelian variety and if H0(h,L) is the identity, then
h is the identity because L is very ample. This proves that the G-action on
Ug,K is free. The general case where A0 in 2.1 is nontrivial follows from the
totally degenerate case and the fact that the automorphism group of any
polarized abelian variety (A,L) is finite. This proves that the G-action on
U3 has finite stabilizer.
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It remains to prove that the action of G is proper. This is reduced to
proving the following claim
Let R be a discrete valuation ring R with fraction field k(η), S =
Spec R. Let σ : G × U3 → U3 be the action and Ψ = (σ, p2) : G ×
U3 → U3 × U3. Then for any pair (φ,ψη) consisting of a morphism
φ : S → U3 × U3 and a morphism ψη : Spec k(η) → G × U3 such that
ψη ◦ Ψ = φ ⊗R k(η), there is a morphism ψ : S → G × U3 such that
ψ ◦Ψ = φ and ψ ⊗R k(η) = ψη.
This is again reduced to proving the following claim:
Suppose we are given an S-TSQAS (Z, φZ , ρZ)RIG with rigid G(K)-
structure and a modified Mumford family (P, φP , ρP )RIG with rigid
G(K)-structure over S such that
(Z, φZ , ρZ)RIG ≃ (P, φP , ρP )RIG over Spec k(η)
Then they are isomorphic over S.
In fact, the second claim follows from the proof of Lemma 6.4. This proves
properness of the action Ψ. The third assertion follows from [KM97].
Definition 7.4. For a contravariant functor F from the category of alge-
braic spaces over O to the category of sets, a reduced algebraic space W
over O and a morphism f from the functor F to the functor hW represented
byW is called a reduced-coarse-moduli algebraic space over O of F or we say
that F is reductively and coarsely represented over O by W if the following
conditions are satisfied:
(a) f(Spec k) : F (Spec k) → hW (Spec k) is a bijection for any geometric
point Spec k over Spec O,
(b) For any reduced algebraic space V over O and any morphism g : F →
hV , there is a unique morphism χ : hW → hV such that g = χ ◦ f .
Lemma 7.5. Assume emin(K) ≥ 3. Let A
toric
g,K be the uniform geometric
quotient of Ug,K by GL(N1)×GL(N2). Then A
toric
g,K is isomorphic to the fine
moduli O-scheme Ag,K of K-symplectic abelian varieties in [N99].
Proof. We choose and fix an pair di of coprime positive integers such that
di ≡ 1 mod N and di ≥ 2g + 1. Let Y = X ×H Ug,K under the notation
of 5.2. Then Y is Ug,K-flat with fibres abelian varieties with level G(K)-
structure. Since any fibre of Y in the same G(W1)×G(W2)-orbit determines
a unique abelian variety with rigid G(K)-structure by Lemma 3.9, we have
a G(W1) × G(W2)-invariant morphism η : U3 → Ag,K , which induces a
morphism η¯ : Atoricg,K → Ag,K .
Since Ag,K is the fine moduli, there is a universal family (ZA,LA) of
K-symplectic abelian varieties with rigid G(K)-structure over Ag,K . Let
πA : ZA → Ag,K be the natural morphism. Then (πA)∗(diLA) is a locally
free OAg,K -module. It is a G(K)-module of weight one because di ≡ 1
mod N . By Remark 3.3 there is a finite locally free OAg,K -module Wi such
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that (πA)∗(diLA) = Wi ⊗O V (K) as G(K)-modules. Choosing a local triv-
ialization of Wi we have a local morphism ηi : Ag,K → Ug,K so that the
composite of ηi and the natural morphism of Ug,K to A
toric
g,K defines a mor-
phism from Ag,K to A
toric
g,K , which is the inverse of η¯. This proves that η¯ is
an isomorphism.
Theorem 7.6. Let K be a finite symplectic abelian group with emin(K) ≥ 3
and N = emax(K). The functor SQ
toric
g,K is reductively and coarsely repre-
sented over ON by a complete reduced separated algebraic space SQ
toric
g,K .
Proof. We choose and fix any pair d1 and d2 as before. Let SQ
toric
g,K be the
uniform geometric and uniform categorical quotient of U3 by GL(W1) ×
GL(W2). It is a complete separated algebraic space by Theorems 4.2 and
7.3. Since U3 is reduced, so is SQ
toric
g,K . The rest is immediate.
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